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A comprehensive adaptive compensation control strategy based on feedback linearization design is proposed for multivariable
nonlinear systems with uncertain actuator fault and unknown mismatched disturbances. Firstly, the linear dynamic system is
obtained through nonlinear feedback linearization, and the dynamic model of the mismatched disturbances as well as its
relevance to the nonlinear system is given. The effect of disturbances on the system output is suppressed with the basic
controller of the linearized system. Then, a direct adaptive controller is developed for the multiple uncertain actuator faults.
Finally, an integrated algorithm based on adaptive weighted fusion could provide an effective compensation for the effect of
multiple uncertain faults and mismatched disturbances. Thus, the stability and asymptotic tracking performance of the closed-
loop system are ensured. The feasibility and performance of the proposed control strategy are validated by the numerical

simulation results.

1. Introduction

Actuator faults are common in performance-critical systems.
The occurrence of faults will cause severe deterioration in
performance or even catastrophic problems of system insta-
bility. Actuator faults are featured with multiple essential
uncertainties, including the fault mode, time, value, and type.
Therefore, it is necessary to develop the effective fault-
tolerant control technology to address the problem associ-
ated with the multiple uncertainties of actuator faults, so as
to sustain reliability and safety of the closed-loop system.

In recent years, the problem of actuator faults compensa-
tion control has attracted more and more attention. A variety
of control methods are tested with several profound achieve-
ments. Many effective fault-tolerant control methods were
reviewed in literatures [1-5]. Multimodel adaptive control
methods were employed as a fault compensation in litera-
tures [6-8]. Literatures [9-11] applied neural network to
the design of reconfigurable aircraft control in the case of

sensors or actuator faults. The fault recognition and fault-
tolerant control strategies of the near space vehicle are
designed base on the adaptive sliding mode control method
in reference [12]. For the spacecraft attitude control system
with external disturbances, two kinds of effective fault-
tolerant control method were proposed in literature [13].
To enhance the overall performance of the multisensor mea-
surement system and reduce the influence of faults of each
sensor on the system, a new multisensor information fusion
design framework was proposed in reference [14]. Fault
detection and diagnosis methods are also widely used to for
the problems of component faults in the control system
[15]. In literatures [16, 17], the adaptive observer design
was used to reconstruct actuator faults and a fault-tolerant
controller was designed based on estimated information for
fault. Besides, adaptive control is also an effective tool with
widespread application in fault-tolerant control for both lin-
ear and nonlinear systems [18-21]. Although great practical
progress has been made in actuator fault compensation for
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the nonlinear system, there are still many unresolved prob-
lems for control system with uncertain dynamics and actua-
tor faults. For example, the problems of multiple-actuator
fault compensation control in the general nonlinear system
can be further investigated to improve closed-loop system
stability and asymptotic tracking control.

The so-called feedback linearized system refers to a
kind of nonlinear system linearized by appropriate nonlin-
ear feedback control [22]. Based on the feedback lineariza-
tion, the control objectives such as models match, pole
assignment, and tracking can be further realized. Refer-
ences [23, 24] combined feedback linearization theory with
adaptive control and effectively solved the parameter
uncertainty and fault-tolerant control problems of nonlin-
ear systems. In addition, the performance of the controlled
system suffers from quite different influences due to the
various disturbances during the actual operation of the
nonlinear system. Therefore, the disturbance suppression
problems should be given adequate attention. In literatures
[25-27], disturbance decoupling for the measurable distur-
bances in linear systems provides a potential approach for
disturbance suppression problems. However, this method
is not suitable for nonmeasurable disturbances. The robust
control method is proposed for the nonmeasurable distur-
bances in literatures [28, 29], without implementation for
control objective of asymptotic tracking. The disturbances
suppression method based on adaptive control design
can effectively estimate the unknown system parameters
and disturbance parameters. In literature [30], the adaptive
internal model control method was applied in the space-
craft system to realize the attitude tracking with external
disturbances. For general hypersonic vehicles with uncer-
tain system parameters and external disturbances, a new
sliding mode control method was proposed in literature
[31]. The problem of asymptotic tracking of nonlinear sys-
tems under sinusoidal disturbances was investigated in lit-
erature [32]. And a disturbance suppression algorithm was
proposed for single-input single-output nonlinear systems,
but the algorithm is inappropriate for multi-input multi-
output nonlinear systems with mismatched disturbances.
In addition, the suppression of mismatched disturbances
in multi-input and multioutput nonlinear systems were
studied in literatures [33-35].

Unknown disturbances and uncertain actuator faults
may occur simultaneously in the actual operation, which
increases the difficulties in asymptotic tracking control for
multi-input and multioutput nonlinear systems. Although
some theoretical achievements have been made in distur-
bance suppression and actuator fault compensation for
multi-input and multioutput nonlinear systems, some critical
problems are left open. The problem of unmatched distur-
bance suppression in nonlinear systems with uncertain mul-
tivariable is solved in literature [35]. On this basis, the
problem of multiple uncertain actuator fault compensation
and mismatched input disturbance suppression is further
studied in this paper for the case of a feedback linearized
multivariable nonlinear systems. Compared with some avail-
able fault=tolerant control'methods; the currently proposed
control method presents the following improvement: (1) a
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new adaptive actuator failure compensation and disturbance
rejection scheme with relaxed design conditions is designed
for general multivariable nonlinear systems; (2) a new com-
posite fault-tolerant control approach is developed to handle
a set of uncertain actuator failures, by using a complete
parametrization for estimation of both the failure pattern
parameters and the failure value parameters; (3) an adap-
tive disturbance rejection scheme is developed in details,
including error equations, adaptive laws, and stability anal-
ysis, for multivariable nonlinear systems with uncertainties
from both the actuator failure and unmatched disturbances,
such that desired closed-loop performances are ensured
including signals boundedness and asymptotic output
tracking; and (4) an important aircraft flight control appli-
cation is conducted.

2. Problem Description and
Knowledge Preparation

This chapter first describes the problem of actuator fault
compensation and disturbance suppression of the systems
with redundant actuators and then introduces some basic
concepts involved in this paper.

2.1. Control Problem Statement. Consider the nonlinear sys-
tem as below

o= f(x) + g(x)u+p(x)d(1) 1)

y=h(x), (2)

where x € R" is state vector, y = [y}, ¥,» -~-,yq]T € R1is system

output, u = [y, ty, -+, ,,]" € R™is system input, and d(t) €
RP is the uncertain external disturbance. f(x) € R", g(x) =
[9,(%), g5(x), --+> g,,,(x)] € R™™, p(x) € R", and h(x) € RT

are known.

2.1.1. Actuator Fault Model. The classical model of the actu-
ator fault can be represented as [19]

where je€{1,2,---,m}, t;>0, "u;, and u; represent the
parameters of the uncertain fault. f;;(t),i=1,2,q; are

known. The fault model (3) is written in the following
parameterized form

(1) = 0; @;(t), (4)

_ _ — T .
where 6 = [, i, -+, 1, | € RV, @(8) = [1, £, (8), -+,
f j qv(t)}T € R%*! When the uncertain actuator fault occurs in
J

the system, the actual input u(#) acting on the system can
be expressed as

u(t) = (I-o(t)v(t) +o(t)u(t), (5)
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where v(t) is the control input signal to be designed. u(t) =
[, (£), (), -+, 1y (D] (1) = diag{0, (), 05(8), -+, 0,,(1)}
is the corresponding actuator fault mode matrix. If the jactu-
ator fails, then o,(t) =1; otherwise, 0,(t) =0. Considering
actuator fault (5), the system model can be expressed as

x=f(x) +g(x)o(t)u(t) + g(x)(1 - o(t))v(t) +p(x)d(t)

y=h(x).
(6)

2.1.2. External Disturbance Model. The disturbance term
p(x)d(t) in this paper has the following characteristics:
(1) p(x)#g(x)a aeR™? indicates that the disturbance
signal d(t) is incompatible with the control signal u(t);
(2) the component of the disturbance vector d(t)=

[d,(t),d,(t), -, d, ()] € RP can be expressed as [36]:

9j
di(t)=dj+ Z dy@y(t), j=12,-p, (7)

k=1

and it also can be rewritten in the parameterized form as

di(t) = Qd] @g;(t), (8)
where 6} = (i djys - djg ] € RUM, d0g(1) = [1, @y (1), -+,
@, ()" €eRY, j=1,2,---,p, djand dj are unknown

ja
while @ (t) are known. By selecting appropriate ¢; and

basic function @;(t), the disturbance model (7) can offer
an approximate description for many practical disturbance

signals, such as constant value, sinusoidal signal, and non-
sinusoidal time-varying disturbance.

Remark 1. When the disturbance is consistent with the con-
trol input, i.e., p(x) = g(x)a and a € R™?, the control signal
can be derived as u(t) = u; (t) + u,(t), where u; () is the basic
control variable that can stabilize the nonlinear multivariable
system, and u,(t) = —ad(t) is the disturbance suppression
component. Without such match, i.e., p(x) # g(x)a and a €
R"™P the above control method cannot eliminate the influ-
ence of disturbances. Therefore, a new control input u(¢)
needs to be designed to suppress disturbance.

2.1.3. Control Objective. For system (1) with uncertain actua-
tor faults (3) up to m — gq,q9 < q, < m and unmatched external
disturbance d(t), the number of the faults depends on the
actual application. In this paper, q, = m — 1. That is, the total
actuator faults are no more than m — g, = 1, but it is impossi-
ble to identify in advance the exact amount of faults. The
actuator fault compensation method designed in this case
can be applied to the problem of simultaneous or alternating
faults of multiple actuators. The mathematical expressions of
the corresponding fault modes are

0y =diag {0,0, -+, 0}, 0, = diag {1,0,---,0}.  (9)

In this paper, a fault compensation control algorithm is
developed based on the following assumptions to achieve
the above control objectives.

Assumption 2. When at most one actuator of system (1) fails
and the fault information is available, it is still possible to
design effective control methods to adjust the residual actua-
tors adaptively so that the system still fulfills the desired con-
trol objective.

The goal of this paper is to design an adaptive control-
ler v(t) to solve the issue due to multiple uncertainties of
faults and disturbances, especially the uncertain fault
mode, in order to guarantee the stability of the closed-
loop system and asymptotical tracking performance of sys-
tem output.

2.2. Feedback Linearization. For a multi-input and multiout-
put nonlinear system

x=f(x)+g(x)u, y=h(x) (10)

where u € R, y € R1.

Assumption 3. Supposing the correlation vector as {p;, p,,
" Pgt» 1 < p; < in a neighborhood € at x, € R, if for Vx
€0, L L}hi(x) =

L, Ljf* hy(x,) #0 for j € {1,2, -, m}.

0,1<j<m,0<k<p,-1,1<i<gq, and

Similarly, for a nonlinear system with input disturbances

=f(x) +p(x)d(t), y=h(x) (11)

where d(t) € RP, y € R%, and it has a correlation set {v,,v,,
5 V,}, 1<v;<n. The disturbance suppression design of

the multivariable nonlinear system in this paper involves
the following assumption:

Assumption 4. 1 i=1i,, iy, -- If

PF 10,0y, ip, then p, <wv;.

-, m}, then p, =

1)

i, €{1,2,

2.2.1. Strict Feedback Linearization. If p, + p,+---+p, = n, the
system (1) can be transformed into a strict feedback subsys-
tem through strict feedback linearization and differential
homeomorphic mapping & = T(x) € R", where

T(x) = [hl(x), Loy (x), - L0y (x), - Lfflhq(x)} !

&= [51,1»51,2) "'»51,p1’£2,1> T gq,pq:| !

By (), s

(12)
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Then the dynamic equation becomes

'51,1 = 51,2
51,2 = 51,3

él,pl =b,(§) + A (x)v + Ay (X)u(t) + Ay (x, 1)

(13)
éq,l = Eq,z

Eap, = 0g(8) + Agg (X)V + Ay (x)ia(1) Agy (. 1)

where b, (& ):L})’hl( x), A,y (x), Ay (x), and Ay; are the ith row
of A,(x), A,(x), and A, respectlvely, o(x)=A(x)(I-0(1))
v(t), Ay (x) = a(£)u(t), with

S . -
Ly Lf by (%) Ly Lf' hy(x)

L LPZ_I

L, L7 h(x
A(x)= 9, f In f 2( )

hy (%)

p,—1 p,—1
_Lglqu hq(x) Lgmqu hq(x)

L, L) hy (%) L, L7y (%) ]
L L% 'hy(x) - L, L% 'hy(x
Ad(x,t)= Pf 2( ) Py f 2( ) d(t)

I, L}"flhq(x)
[8,(x), 8(x), -+, 8, (x)] -

p,—1
LPPqu hq(x)

(14)
The system output is expressed as

=81 =8 Y4 =Eq,1' (15)

2.2.2. Partial Feedback Linearization. If p; + py+---+p, <n,

only partial feedback linearization can be carried out in system
(1) by means of coordinate transformation within the neigh-
borhood of x,,. Supposing T'.(x) is a smooth function with
the following form

T.(x)= [hl(x), ...,L}’l‘lhl(x), ...,L}’q'lhq(x)] " (16)

Literature [24] indicates that there is always smooth
mapping
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To form the differential homeomorphism [¢”, ;7T]T =T(x)=

[TC(X)T, Tz(x)T]T;E € RPIHPIT P ne R”_(PI+P2+‘“+Pq), system
(1) is converted into
£1,1 = 51,2
51,2 = 51,3
S =01 (E) + Ao () + A (2(0) + Ao t)
éq,] = Eq,Z
Erp, = By(E1) + A (2)v + Ay (V1) + Ay ()
n=vy(&n) + ¥y (& nu+¥, (& n)d(t), (19)
where b;(€,7), A;, (x), Ay (x),i=1,2, ---, g have the same defi-
nition with the equation (13). Ay(x), i=1,2,---,q is the

unmatched disturbance. y(&,#) = (0T (x)/0x)f (x)| ,op-1 (¢ >
¥, (&) = OT.(0/0x)g(3)|_, ., and ¥, (&) = (OT.()
10x)p(x)|,_1-1 (- The system (19) is termed as the zero
dynamic form of the multivariable nonlinear system (1).

2.2.3. Nonlinear Feedback Control Law. Based on Assump-
tions 3 and 4, if the system parameters and fault parame-
ters of nonlinear system (1) are accessible, feedback
linearization design can be used to design an ideal control-
ler. By taking y; derivatives of p, in system (1), we can
obtain the following equation:

$ =L ZLg,Lf' a0, (0)
where §;(x) = fleL})’ hi(x)d;(t). We can further
obtain

(p1) LPlh

4! ' 1(%)

(P2) P
L'?h

)’2‘ =7 (%) +A(x)u+Ay(x, ). (21)
P,

yq(Pq) Ly'hy(x)

When m =g and assuming A(x) is nonsingular in x,, the
control input signal could be rearranged as

Lj'hy (x)

LEhy(x)

u(t)=-A"(x) + A7 (%) uy. (22)

Pq
Lf hq(x)
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The linearized system can be obtained

(p1)

N Ur

(p2) u
G S I RV W) (23)
ytgpq) U,

where u; is the linear feedback control law to be designed.

2.2.4. Linear Feedback Control. The control law from the lin-
earized system provides the possibility to guarantee the out-
put tracking performance of the system. The control law

T .
up = lugy, gy, s qu] 18

) _ (Pl

. —1
”Lizy;(qfi) +ta; (}’quf Vi )+"'+“ip,.()’mi_yi) +0,(x 1),

(24)

where 8;(x,t) =— 5:1 ijL})"flhi(x)dj(t). With substitution

of u;; and equation (24) into equation (23), the dynamic
equation of the tracking error ¢; =y, — y,,. is obtained as

ei(pi) +ay egPi_1)+. . '+‘Xip<ei =0. (25)

By selecting appropriate value for a;,, i=1,2,:,4,

sPi+ a; s '++-+a;,, becomes the Hurwitz polynomial.

Pi
- - . -1
The output error and its higher derivative e;, ¢;, -'-,el(-p =

asymptotically approach to zero as t —o00. If y, ., ¥, -+,
(pi—1)

i is bounded, then boundedness could be expected for

. =1

Vo,

Remark 5. If forall i=1,2,---,m, p, <v;, then §;(x,t) =0, in
equation (26), ie., Ay(x) =0, i=1,2,---,m. Thus, equation
(21) can be simplified as

W [
(P2) P
L2h
oo (%) + A(x)u. (26)
ygpq) L7h,(x)

Linearized system becomes disturbance-free, and dis-
turbance suppression is unnecessary in the basic feed-
back control system. In addition, in combination with
equation (24), equation (21) can be further expressed as

T
[y\P), e --~,y£1pq>] =u, (t), where u;,(t) can assume the
following simplification u;; :y,gf;) +ay (y,(f;f_l) —ygp"_l))+---
iy (=3 i= 1,2,

Remarkpcpifypp>vamirens2smythenydy(x, t) in equation
(20) is related to the disturbance term d(#) and its differential

5
term él(t), .-+, d?7i(t), and could be expressed as a function
of the differential  term d(t), -, dii(e)
8,(x, t) = —dPi/dt( ‘;:1 LP]L}"_ hi(x)d;(t)). In this case, in

order to achieve disturbance suppression and asymptotic
tracking control, it is necessary to acquire the differential
information of the disturbance in advance. However, the der-
ivation process is rather complicated. Therefore, such situa-
tion is not considered in this design.

3. Actuator Fault Compensation and
Disturbance Suppression Design

If the relevance of the system {p,, p,, -, p,} satisfies p, +
py+e-++p, =n, the system with uncertain actuator fault can
be linearized by strict feedback and converted into

51,1 = El,2>
51,2 = 51,3>

él,pl =b(§) + A1 (x)v + Ay (X)u(t) + Agy (x, 1)
: (27)
éq,l = Eq,Z’

Egp, = bg(8) + Agg (X) + Ao (x)id(1) + Agy (%, 1)

n=%1n =% - Yq =£q,1‘

Based on u;;, i=1,2, -, q in equation (24), the control
signal w;(t) € Rof the system (27) could be determined
through nonlinear feedback, if

A (x)(1) + Ag (x)u(t) = wy(t)- (28)

The control signal can guarantee asymptotic output
tracking, i.e., lim,_ ., (y(t) - ,,(t)) = 0. With occurrence of
uncertain actuator fault, the control input signal v(¢) could
be calculated according to equation (28).

3.1. Adaptive Disturbance Suppression Design. The control
signal w,(¢) and the feedback linearization are determined
in this chapter. The detailed derivation includes adaptive
controller, error equation, parameter adaptive updating law,
and stability analysis.

3.1.1. Adaptive Feedback Linearization Design. In the distur-
*T .
bance model d(t) = 0;; @,;(t), @4;(t)j=1,2, -+, p are known
functions while 6;; are unknown parameters. The unknown
—~ ~T
parameters could be estimated with d(t) = 6 ,;@,(t) in the

disturbance suppression design, where 60 is the estimate of
the disturbance parameter 02]" j=1,2,---,p. Based on the
estimation, the adaptive linear control law is obtained as
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L9 by (x)

L7hy(x
u(ty=-A"(x)| 7/ ®)

P,
LYk, (x)

where 7 is the estimated value of u;, and its estimated
component is

. —1 —1
:J’%)”L“il( 55{ )_)’SPI )>

0y (Vs = ¥5) + O (%, 1),

(30)
Z L, LP' dy(1).

3.1.2. Error Model. Let z,; =& | = y,1, 212 =85 = V1> =5
21, =E1p, _J’fpff_l)v " Zip, =£ipi _)’fiiﬁl)’ T Zg, —fqpq
yffg‘l)’ Ze R 2 [T T 1] o (2112 2y
Zip> " Zgp, ]”. Combining the system output in equation
(15): y; =& 1> ¥2 =815 5 ¥y =841 and €=y, —y,,, one
can obtain z,;=e}, z,,=¢€}, -, zZ1p, =e§"f‘),  Zi, =
efp IR Z4p, —e,(ipq ) And the state error equation of

the multi-input multioutput system is calculated by

2=AZZ+BzEd’ (31)
where A, =diag{A,,A,, A, }, B =[BlE;, BlEg,
g T B o_yP P, ar
° BZquq] 5 and Edi = Lj= ILP Lf hl( )edl(t)@dj,
0 1 0 0 0
0 0 1 0 0
A, = ,
o T “%ip-2)  "%i(p-1) i,
B, =[0,0,---,1]T €R?, i=1,2,--,q.

(32)

3.1.3. Adaptive Laws. Based on error system (31), an adap-
tive law is incorporated to update unknown disturbance

parameters @dj, j=1,2,---,p. Lyapunov function is
designed in following form
1 1& o -
Vy=52"Pz+ EZI 04,7404 (33)
]:

where adaptive gain matrix I'y;;=I; >0, P€R™" is posi-
es the following

International Journal of Aerospace Engineering

PA,+AIP=-Q, (34)

where Q=Q" >0. Taking the derivative with respect to
V,; gives

o _Ll.r Ui % T et
V= 3% Pz + 77 Pz + le 0414045
i

P
"(PA, +ATP)z+2"PB; + Y 6,10,
j=1
1, N A
=-37 Qz+Zp[Eqs -+ Egy) + ) 04,1410,
=1

P4 p .
T ol 17
__Z Qz+ Z Z Zp Gd] poi T Z edjrdjedj’
j=1 i=1 j=1

(35)
where Zp=[Zpy, Zpy, - Zpg) s Zpi i=1,2,+,q are the
components of zTP e R>(PrHrat=+p) g @,;=L, L}" h;(x)
@4;- Design control equation is given by

L}’lhl(x)
L2y (x
w2 - |7 _2( ) +, (36)
L} hy(x)
and the adaptive law of the parameter édj is
q
Gd] = Z I‘dePi(Dp,-,j’ j= 1,2, o P (37)

i=1

With a substitution into equation (33), the following
could be obtained

: 1
v, :—EzTsto. (38)

So it is ensured that /e\dj e L™, /édj € L*NL*™. The sta-
bility of the closed-loop system can be determined from
the negative definition of V, and lim, . z;,(¢) =1lim,_(
y;(t) -y, (t))=0, i=1,2,---,q. It indicates that a desired
performance is achieved with the control system.

3.2. Adaptive Fault Compensation Control Design. Supposing
the fault information (fault mode, fault value, and fault time)
is known. Two ideal controllers v{; (f) and v(,(t) are

designed for the two cases (without fault and actuator u,
fault). Through weighted fusion design, an integrated con-
troller v*(t) is obtained, which can deal with the simulta-
neous coexistence of two fault modes mentioned above.
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3.2.1. Fault Free Condition. In this case, o = diag{0,0, ---, 0},
the control equation (28) is A(x)v(t) =w,(t). By selecting
an appropriate h,,(x) € RV the following equation
could be satisfied

v(t) = vy (1) = by () v (1) (39)

By solving the equation A(x)hy (x)v5 ) (f) =w,(t), we
could obtain the following equation

Vo (1) = Ky (¥)wq(t), (40)

where K, (x) € RU"-1x4,

3.2.2. u; Fault Condition. In case of u,; fault condition,
o=diag{1,0,---,0}, w,=u,, w=v,, i=2,--,m, Ax)
= [AI’AZ’ LN Am] = [Al’ A(Z)] € qum, where A(Z) = [AZ’ LN
A,] € R0, where v, =
[vyy - v,]" € R, by selecting the appropriate matrix
equation h,,(x) € R X1 one could have Vi (t) =

hyy (x)V5(2)(£). And the equation could be solved

T
v=[v,vi,| €R™,

Ay (£) + A hop (%) v (£) = wy(t). (41)

The ideal controller under this condition is

Vg(z) (t) = Kpp(x)w,(t) + Kogy (%) 4, (£).- (42)

3.2.3. Integrated Control Law. The fault index function is
defined as

1 fault free condition
0 others,

(43)

1 u, fault condition
0 others.

With a weighted fusion of controller v, (t) and
vZ‘z)(t), an ideal
achieved.

integrated controller structure is

7
3.24. Adaptive Controller Structure. From equation
(44), the structure of adaptive controller can be
deduced as

T T
V() = vy, 1))+ ¥y () = vy ) () + [0V ()] 4 (45)

A .
V()= diag{x, > "= X1 P2 K2 wy (46)

A .
Vipa2) = dzag{xz)l, ""Xz,m—1}hzszzwd
[ 91T(1)‘31¢2,1

91T(2)‘Dl ) (47)

L ef(m—l) (Dl ¢2,m—1 J

X;; and 6, are the estimated value of x7; and

Oy X=Xt i=Lum x5.=x5 O =x30), i=1,
2, om—1.

Remark 7. As the number of f ji(t) increase, the parameters of
the actuator failure (including the parameters of failure
indicator function x; and y;, failure model 67 also
increases. In our proposed actuator failure compensation
design, all the unknown parameters will be estimated mul-
tiple (m or m—1) times based on xj,=xj, i=1,-,m,
Xoi=X3> 01y = X301, i=1,2,--,m— 1. With the develop-
ment of science and technology, the computers have
become more advanced, the computation complexity can
be solved effectively.

3.2.5. Error Equations. Equation (21) could be rewritten as

ygpl) M Lplhl (x)

¥ d1(x)

(P2) P2
7 b= Ly h_z(x) +A(x) - wy(t) + wy(t) + 62@
ygpq) | L'y (x) 84(%)

(p1-1)

1 -1
}’551) +ay (}’ml _}’gp )) +ay, (Y —21)

-1 -1
)’5522) +ay (}’sz )—)’gp )) + 0, V2 = ¥2)

P, Pyl Pyl
yfn;) + oty (yr(nqq )—yag ! )) + g, (qu —yq)

8, (x) 8,(%)
62 X 32 X
+AE) (I = o () (v(t) = v (1) + E) - ;()
6q(X) ES\q(x)
(48)
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To obtain the output error e(t) =y(t) - y,,(t) and the
parameter estimation error X, ;(f), X,,(t), the dynamic for-

mula between él(i) (t) and édj is reformulated as

€5P1>+--~+(X1P161

(p2)
e "+ '°+0(2P2(:'2

[Eav EpreriBag)

=AX)I-o(t))(v-v")+
(Py)

eqg Ay, €

(49)

If o =0, =diag{0,---, 0}

e(lpl)+-~-+(x1ple1
eg”Z)+~~~+¢x2pze2 m
Z 1X11v11+ Z Az+1X21v21
i=1 i=1
(py)
_eq teetag, e
m-1 ~ B 5 T
+ Az+1 ‘Dﬁbz [Edl’ Ep»ee ')Edq]
i=1
m m-1
z zXl 1vlz+ Z Az+1X21v21
i=1 i=1
- p _
~T
Z ed]wl’pj
=1
p
~T
m—-1 9,
AT Z dipyi | A %
+ ) A0 @10y, + | i =E,
i=1
P
~T
Z ed;@qu
Lj=1 J
(50)
T _
where  h, Ky w, = [V1 IR Vl,m] s hypKyw, = [VZ,I’ )

T i
Vam-1) s ,oj—LpL]I3 hz( )‘de-

Ifo =0, =diag{l, ---, 0}, equation (49) can be expressed as
[ egpl)+--~+oc1ple1 |
(p2)
+ta, . e m m-1
’ A z AiXy v+ Z A1 Xo,Vai
i=2 i=1
(Pa)
K& ! et e | (51)

=T
+ Z Ai16,) @19,

o S v g
4j%p,.j> Zl dj‘DPz»j""’g 4%, j
= =
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The state error equation can be obtained from equations
((50), (51)).

z= Az + Bink’ (52)

where A, = diag{Azl’ ;..’Azq} € R(p1+---+Pq)><(P1~+»-.+Pq)’~E'kj is

the jth component of E;, k=1,2, B = [BleEkl’BszEkz’ ey
= T

BquEkq] ER(P1+ +P.,)'

3.2.6. Adaptive Laws. Based on state error equation (52), the
adaptive laws could be derived with projection algorithm,
parameters x, ;, i=1,-,m, x,; and 91(,-), i=1,2,--,m-1,
are estimated as

T
Y12 PBzAv;

Xia(t) = (53)
Y 2" PB AV +f, i=1

Xzy() V2% PBZA1+1V2,1" i=1L-,m-1 (54)

91(1)( )=-2'PBA; T i019,

A i=lomo1 (59)
where I';; =I'[;> 0, y,,> 0 and y,; > 0 are the adaptive gains,
f,, 1s the projection algorithm. Consequently, according to
adaptive laws j,, =~y 2" PB,A\v,, +f,

that 0< x,, <1and

, we can derive
1,1

(X11 = X1)f i, <O- (56)

3.2.7. Performance Analysis. (I) For time period t € [T, T),
T) =00, 0 =0 =diag {0, ---,0}. The Lyapunov function is
deﬁned as

m m—1

Vo= —ZTPZ"' 5 Z ;Vn + Z X21V21

m=1 T B

~1
z el(i)rli el(i)
i=1

(57)

Combining equations ((37), (50), (51), (52), (53), (54),
(55)) one would have the derivative of V,

VO = —ZTQZ < 0, te [To, Tl) (58)

Thus, it can be proved that the designed adaptive control-
ler and its parameter adaptive laws could ensure the desired
system performance under the free fault condition, ie, g,

X1i(t)s Xi(0)s 6 y(t),and Gd] are all bounded, and the output

error asymptotes to zero as time going on.

(IT) If actuator u1 has faults in time period (T, T,)
(T,=00), ie, 0 =0 =diag {1, -, 0}, the Lyapunov func-
tion is defined as
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L g 1[¢ 2 (S 2 -1 & AT -17
V)= 57 Pz + 5 Z XY T Z X2,iY2i T Z 61(1‘)F1i 91(i)
) in1 in1

1& o1 13
+52 041304
=1
(59)

Combining equations ((37), (50), (51), (52), (53), (54),
(55)) gives the derivative of V,

Vi=-2'Qz<0, te[T,,T,). (60)

The above equation indicates that &, y,;(t), i=2,---,m,

X2.(t), él(i)(t), i=1,--,m-1 and 04, j=1,2,---,p are
bounded when actuator u, is failed. In addition, the adaptive
projection algorithm ,(t) = ~y,,z2"PB,A; +f,  can
ensure 0<y,,(t)<1. Thus, it can be verified that with
increase in t, the closed-loop system is stable and the output
asymptotically approaches zero: lim,_,  (y(¢) — y,,(t)) =0.In
conclusion, the following theorem can be obtained.

Theorem 8. For the multivariable nonlinear system (1) with
potential uncertain actuator fault (3) and mismatched
disturbance d(t), controller (45) and its parameter adaptive
laws can ensure the closed-loop system stability and asymptotic
tracking output: lim,_,(y = y,,) = 0, ifp, + py+---+p, = nand
the equivalent control matrix A,(x)=A(x)(I—o(t))v(t) in
uncertain fault condition has full rank in the domain U
(definition is U C R" — V C R1).

3.3. Fault Compensation Design of Zero Dynamic System. If
p1 + pyte+p, <n, there is differential homeomorphism

€] =T = [T .0 T e

The nonlinear system with uncertain actuator fault x(¢)

=f(x) + g(x)o(t)u(t) + g(x)(1 - a(£))v(t) + p(x)d(t), y =h

(x) is converted into

51,1 :51,2
él,z =£1,3

£, =bi(En) + A (x)(I = 0)v + A, (X)0T + Agy (x, )
éi,pl = Ei,pﬁl (62)

éi,pl =b;(&n) + Ai(x)(I - o)y + Ay(x)ot + Ay(x. 1)

Eq,l = Eq,2

qu = bq(f, n) +Aq(x)(1—a)v+Aq(x)aﬂ +Adq(x, t),

and zero dynamic subsystem

A=y n) + Vo (& mu+ P& nv+¥,End(), (63)

where T, (x) = [l (x), = Lf' " hy (), -.-,Lﬁq’lhq(x)]T, T,(x)
definitely exists and is nonunique. ¥ (&, #)=(0T,(x)/0x)
g(x)a, ¥, (&n)=(0T,(x)/0x)g(x)(I - o) is related to the
fault mode o.

3.3.1. Stable Zero Dynamic Assumption. To ensure the stabil-
ity of the closed-loop system and output y,(t) asymptotic
tracking reference signal y, .(t), the differentials of p,, i =1,
2,--,q of y,.(t) are bounded and piecewise continuous. In
this paper, the controller is developed based on the following
assumption:

Assumption 9. The nonlinear system (1) still belongs to the
minimum phase system under condition of centralized arbi-
trary fault, which is considered as the fault mode of this
paper. That is, with input of u(¢), d(¢), and &, the zero
dynamic subsystem given by

A=y (&) +¥o (& mu) + ¥y n)d
- S (64)
Gy (& Ko Hor Ory)

could guarantee input state stability.

Remark 10. Based on Assumption 9, if o € X in any fault case,
the state &, fault signal #, and the designed feedback control

signal v(§, 7, X, ;» X,»01(y) are all bounded while d(t) is
bounded disturbance. According to the input state stability
condition of the zero dynamic system, # is bounded. Com-
bined with the performance analysis results in Section 3.2,
it can be inferred that the nonlinear feedback control signal

designed in this paper v(§, 7, X, ;» X, » 01(;)) is bounded.

Combined with Assumption 3, the signal v(¢) of adaptive
fault compensation designed for the partial feedback lineari-
zation system (18) is similar to that for full feedback lineari-
zation system in Section 3.2. The detailed derivation is not
rendered. The closed-loop system has the following desired
control performance.

Theorem 11. Based on the input state stability condition of
zero dynamic (Assumption 9) and the equivalent control
matrix A_(x) in uncertain fault with row full ranks in domain
of U, the adaptive controller (45) and its parameter adaptive
law can achieve desired stability for closed-loop system (3)
and asymptotic tracking output: lim,_,  (y(t) -y, (t)) =0 in
the case of multiple uncertain actuator faults (3) and
unknown disturbances.

Proof. Assuming one of the actuators failed at time T, and
the system has no fault during time period (T, T,), it can
be derived according to the performance analysis in Section

3.2 that the estimated parameters &, X, ;(t), X,,(t), and él(i)
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(t) are bounded and the state error z asymptotically
approaches to zero as t tends towards infinity. Bounded-
ness of v(t) could be further confirmed from equations
((45), (46), (47)). Input state stability and row full rank
constitute an estimation criterion for performance of a
closed-loop system in terms of stability and asymptotical
tracking capability.

4. Applications in Aircraft Control System

In this section, the proposed control method is applied to the
aircraft control system, so that the developed control algo-
rithm could be comprehensively validated. The numerical
simulation results show that this method can offer an effec-
tive compensation for uncertain actuator fault in the case of
gust disturbance.

4.1. Aircraft Dynamics in Turbulent Flow. The research of
aircraft dynamic model under turbulence conditions in refer-
ence [37] shows that the longitudinal nonlinear dynamic
model of the aircraft can be expressed as [38, 39]

Vo F, cos () + F, sin (a)

= d,,
m, T4
i=q + —F, sin (&) + F, cos («) vd,
" (65)
ezqr’
. M
q=— +d,
L

where V is the aircraft speed, « is the attack angle, 0 is the
angle of pitch, g, is the pitch rate, m, is the mass, I, is the
rotational inertia, M is the pitch moment, and d,, d,, and
d, are turbulence disturbance signals

F,=4,5C. (& q,,8,,6,)+ T, cosy, + T, cos y, —m,g sin (6),
F,=4SC,(a,q,,0,,0,) + T, siny, + T, sin y, + m g cos (0),
M =4cSC,, (% q,50,1,8)

(66)
q=1/2pV, is the dynamic pressure, p is the air density, S is
the density of the wing, c is the average chord, and T, and
T, are thrusters. C,, C,, and C,, are given by

C,=Caa+Cpua’ + Cpy+ Cyy (k8,4 +ky0,,),

C.=Cha+Cpa’ + Cpy + Cpy (k)8 + ky8,) + Cusl

Cpp=Cp@+Cpppo® + Cpp3 + Cpy (ki 8,1 + ky85) + Cp59
(67)

where §,, and §,, are the two actuators that require fault
compensation.

4.1.1. State Space Representation. The state variables x,, X, x5,
and x, are represented by V, a, 0, and g, respectively. The

International Journal of Aerospace Engineering

input variables §,,, 8,,, T}, and T, are represented by u,, u,,
u5, and u,. Nonlinear system (1) can be expressed as

X = (¢] @o(x,)x + 9, (%)) €08 () + (639 (%,)x%] + 9, (x)) sin (x;)
+kyg, (X)uy + kygyuy + g3y (X)us + gy (X)uy +dys X,

1\ .
=Xy ClT(Po(xz)xl +¢,(x) o sin (x,)
1

1
+ {3 po (%)%, + (%) o cos (x,) + ky g, (x)uy
1
+ kg (X)ty + Gy (X) Uz + Gy (x) 1ty + by,
X3 =Xy,

%y = P(x) + bixtuy + bygu, + ds,

—

68)

T .
wh(;re Po(x) = [, %5, 1], ‘/’12(’5) =Py s (x32), $,(x) =p;
X,x7 + po €os (x3), g;(x) =ayxi cos (x,) + ayx1 sin (x,), g,
(x) = —a,x, sin (x,) + a,x, cos (x,), g;,(x)=cos r, cos (x,)
+sinr, sin (x,),  g;,(x) =—cos ry (sin (x,)/x;) + sin r,(cos
(2,)/x1), Gay(x) =cos 1, cos (x,) +sin r, sin (x,), g,,(x)=
—cos 1,(sin (x,)/x,) + sinry(cos (x,)/x;), and  ¢(x)=

T
iy, X123, %7, (%, B, kyy Ky, €5 €y Py Ay Gy, Ty, T
b,, and b, are known constants.

4.1.2. Control Objectives. For the aircraft control system (68)
with uncertain turbulent disturbance and actuator faults, an
adaptive fault compensation controller is designed to ensure
that the stability of the closed-loop system is satisfied and
that the system output y(f) = [x,,x,,x5]" could track the
desired  control instruction  y, (£) = [V,1> Vs Vos) =

[3 sin (0.1¢) +88,1.2 sin (0.1¢), 3 sin (0.1¢)]". According to
Theorem 11, p; =v, =1, p, =v, =1, p; =v3=2,and p, + p,
+ p; =4. The system satisfies Assumption 3 without zero
dynamic subsystem after feedback linearization. The follow-
ing fault modes corresponding to the requirements of fault
compensation can be obtained:

diag{1,0,0, 0}, diag{0, 1,0, 0}, diag{0,0, 1,0},

69

diag{0,0,0, 1}, and diag{0, 0,0, 0}. (69)
4.1.3. Numerical Simulation Conditions. The aircraft param-
eters in reference [36] are as follows: m, =4600kg, g=
9.80665m/s*, S =39.02m?, ¢ = 1.98m, r, = arctan 53/1216, r,
= arctan 2/45, p=0.7377kgim’, 1,=31027kg-m*, C,, =
0.39, C,,=2.9099, C,=-0.0758, C,,=0.091, C, =-—
7.0186, C, =4.1109, C_, = —0.3112, C,, = —0.2340, Cq = —
0.1023, C,,, =—0.8789, C,, = —3.8520, C, 5 =—0.0108, C,,
=-1.8987, and C,;=-0.6266. The disturbances are
given by d,(#) =30 cos (5t) + 50N, d,(t) =15 sin (8¢) +
30 cos (4¢)N, and d,(t) =20 sin (10¢) + 10N.m.

During the simulation verification, the following fault
conditions are incorporated: (i) When ¢ < 150s, the system
is in the absence of faults: u,(t) = v,(¢), i= 1, 2, 3, 4; (i) When
150s < t < 300s, actuator u; is stuck: u; (¢) =0 deg, u;(t) = v;
(t),i=2,3,4; (iil) When 300s < ¢ < 400s, actuator u, returns
to normal: u;(t) = v;(t),i=1, 2, 3, 4; (iv) When t > 400s, actu-
ator u, is stuck: u,(t) =300 N, u,;(t) =v,(¢), i=1,2,3.
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Output y, (solid) and reference y,,,, (dashed)
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% 0 -4
o
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0 50 100 150 200 250 300 350 400 450 500
Time: sec
Output y; (solid) and reference y;;, (dashed)
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=1e]
N VAVAVAVAVAVAVAVA
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0 50 100 150 200 250 300 350 400 450 500
Time: sec
FiGuURE 1: System outputs and reference outputs.
Tracking error y,—y,
5
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g0 I
_5 T T T T
0 100 200 300 400 500
Time: sec
Tracking error y,—y,.,
1
~
_1 T T T T
0 100 200 300 400 500
Time: sec
Tracking error y;—ys,
5
o0
£o —
_5 T T T T
0 100 200 300 400 500
Time: sec
FIGURE 2: Tracking errors.
4.2. Simulation Results. In the simulation, the parameters of (3) The base function in actuator failure model (3),
the adaptive controller #; are a;; =a,, = as, = a5, =0.75, initial failure parameter, and the adaptive gain are
and the other design parameters are as follows: _ — 1 o T . p2
shp @, () =@,(t) = [Lsin ()] € R%, [x,,(0), x1,(0), x13

(0), x14(0)] = [1, 1, 1, 1], [x,(0), x,,(0), x3(0)] = [0,

(1) Initial state: x, = [0.008,0.72,0.008,0.008]"

(2) The base f cion i disurb del (8), initial 0.0h " (110, x22(0): x35(0)] = 10,00}, 8310 =
e base function in disturbance mode initia T
> 0 01(3)(0) =10,0]", 6, =0,,(0)=0

disturbance parameter, and the adaptive gain are 12(0) = 1(3)( )=10.0] )(0)=04(0) =645
WD =Wy = Dz = R (©
[1, sin (8¢), cos (4t) sin (10¢), cos (5¢)]",  6,,(0) =
I'n=I'p=Ty Simulation results are shown in Figures 1-3, including a
comparison between the actual output of the system and

) =10, ] Yu=Yne=Yi= Y14 L ¥y =Y =V
=193 =y5=y33=1 and I';; =1y =51,
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Control inputs: u;(t) —, u,(t) ——

500

Time: sec

Control inputs: u5(t) —, uy(t) —

1000

500 A

200

300 500

Time: sec

FiGure 3: Control inputs.
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FIGURE 4: Parameter estimates y, ; of xj .

the corresponding reference signal, the tracking error of the
system, and the control input signals of four actuators acting
on the system in the aircraft.

It can be seen from Figures 1 and 2 that during the actual
operation, the designed control algorithm can always fulfill
the control objective of system stability and asymptotic track-
ing, irrespective of normal operation or uncertainties in time,

T ingFigure 3 show that the
ator fault during

the period ¢ € [0,150s). In the process of the asymptotic track-
ing of a given instruction, a transient response appears and
decreases with time. The robustness of the proposed control
method is verified through the results. When the actuator u,
fails at t = 150s and actuator u, fails at t =400s (shown in
Figure 3), the simulation results demonstrate the effective-
ness of the proposed adaptive compensation algorithm for
both actuator fault and the disturbance. Moreover, the esti-
mates of the adaptive controller parameters X1 Xoi Xap
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FIGURE 5: Parameter estimates y,; of 3 ;.
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0.5
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FIGURE 6: Parameter estimates y,; of ;..

013> and 6, of X7 x5, X35 61(;)» and 8y for y,(t) are  pensation is proposed in this paper, with the following
shown in Figures 4-8, which indicate that all signals in the =~ main conclusions. (1) An adaptive algorithm is adopted

adaptive control system are bounded, and the desired perfor- ~ to establish the relation, and a set of adaptive fault com-
mance is met. pensation controllers is constructed based on parameter
estimation. Then, a weighted algorithm is used to fuse
5. Conclusions multiple controllers into a comprehensive controller, so
as to solve multiple uncertain actuator faults. (2) Under
For multivariable nonlinear systems with multiple uncer-  the condition of uncertain fault, a new parametric design

but disturbances,  method is adopted to obtain the parameter adaptive law
isturbance com- of the fault compensation controller, so that the desired
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FIGURE 8: Parameter estimates 6, of 0.

performance of the closed-loop system can be guaranteed. ~ Data Availability
(3) The effectiveness of the proposed theoretical method
is verified by the simulation results of aircraft control
under fault and disturbance conditions. The problem of
fault compensation control for multivariable nonlinear sys-
tem with known parameters is studied in this paper. (4)
The proposed method can be further extended to solve  Conflicts of Interest
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